Abstract. We extend some results of Bras-Amorós concerning the order bound on the minimum distance of algebraic geometry codes related to acute semigroups. In particular we introduce a new family of semigroups, the so called near-acute semigroups, for which similar properties hold.
Introduction
Goppa constructed error correcting linear codes, the so called algebraic geometry codes (or AGC for short), by using tools from Algebraic Geometry: a non-singular, projective, geometrically irreducible, algebraic curve X defined over a finite field F and two rational divisors G and D on X , see e.g. [5] , [4] , [11] . These divisors are chosen in such a way that they have disjoint supports and D equals to a sum of distinct F-rational points, D = P 1 + · · · + P n . The obtained code {(f (P 1 ), . . . , f (P n )) : f ∈ L(G)} is usually denoted by C X (G, D).
Goppa's idea showed for the first time how two different areas in mathematics: Coding Theory ("applied subject") and Algebraic Geometry ("pure subject") are related to each other. Soon after its introduction, AGC become a very important tool in Coding Theory; for example Tsfasman, Vladut and Zink [12] showed that the Gilbert-Varshamov bound can be improved by using them. Later, Pellikaan, Shen and van Wee [9] noticed that any arbitrary linear code is in fact an AGC. However, to deal with AGC one needs to use tools from Algebraic Geometry, which is often difficult to the non specialists.
In 1998, Høholdt, van Lint and Pellikaan [6] presented a construction of AGC by using elementary methods only. These include Linear Algebra and Semigroup Theory mainly. This construction is based on the concept of weight function and thus on numerical semigroups. Matsumoto [8] noticed that the aforementioned construction allows us to work mainly with the so called "one-point" AGC, that is with AGC for which the divisor G is a multiple of a single point: take a rational point Q on X and let H = H Q = {0 = ρ 1 < ρ 2 < . . .} be the Weierstrass semigroup at Q; then set
These codes have been extensively studied by many authors and their properties are rather well known. In particular, one of the best bounds on the the minimum distance of C m is given by the order (or Feng-Rao) bound d ORD (C m ), defined as follows, see [2] , [3] , [6] . Consider the sets
and their cardinals
The order bound is defined as
The order bound has been computed for some classes of numerical semigroups such as the telescopic [7] and acute [1] ones. Moreover, this bound gives often the true minimum distance of the code, loc. cit.
When the sequence (ν ℓ ) ℓ≥m is increasing, then the order bound is easier to compute, as
However, it is known that the whole sequence cannot be increasing provided that ρ 2 < g + 1, where g is the genus of H, see [1] . This fact leads to study the following problems:
(I) Find the minimum r such that the sequence (ν ℓ ) ℓ≥r is strictly increasing; (II) Find the minimum r such that the sequence (ν ℓ ) ℓ≥r is increasing.
These problems were first implicitly considered in [6] and [10] and later studied in detail by Bras-Amorós in [1] . Here we give a complete answer to Problem (I), see Theorem 2.6. Problem (II) seems to be much more difficult. However, we can give partial results which improve and generalize some from [1] , see Section 3.
Some general results and problem (I)
Let us begin by studying Problem (I). We consider an arbitrary numerical semigroup H = {0 = ρ 1 < ρ 2 < . . .} ⊆ N 0 , where N 0 stands for the set of nonnegative integers. Its elements are called nongaps. The gaps of H are the elements of the set Gaps(H) := N 0 \H, and its cardinality, g, is the genus of H. In this correspondence we restrict to semigroups of finite genus. The conductor of H is the smallest integer c ∈ H such that c + m ∈ H for all m ∈ N 0 . We say that H is trivial if c = 0. In this case H = N 0 , ν ℓ = ℓ + 1 and Problems (I) and (II) are trivial. Henceforth we shall assume that H is non-trivial, c > 0, so that c > g. The following is a consequence of the fact that c = ρ c−g+1 . Lemma 2.1. We have ρ ℓ ≤ ℓ + g − 1 and equality holds whenever ρ ℓ ≥ c. Now, we notice that equations (1.1) and (1.2) imply
For large ℓ, the value of ν ℓ is easy to compute. Proposition 2.2. We have ν 0 = 1 and ν ℓ = ℓ − g + 1 provided that ρ ℓ+1 ≥ 2c − 1.
Proof. The first statement is clear. To see the second one, we first note that ρ c−g ≤ c − 2 since c = ρ c−g+1 . If j ≤ c − g, then ρ ℓ+1 − ρ j ≥ c + 1 and so ρ ℓ+1 − ρ j ∈ H. On the other hand, {ρ c−g+1 , . . . , ρ ℓ+1 } = {c, c + 1, . . . , ρ ℓ+1 } so that
The same idea can be adapted to the case ρ ℓ+1 ≥ c.
Since ρ j ≤ ρ ℓ+1 − D < ρ j+1 , we get |{ρ ℓ+1 − D, . . . , 0} ∩ H| = |{ρ j , . . . , ρ 1 }| = j and the result is proved.
Proof. If j = D − g in the proof of the above Proposition, then |{ρ ℓ+1 − ρ i : j + 1 ≤ i ≤ D − g} ∩ H| = 0 and the result follows.
Corollary 2.5. We have: The main result of this section is the following. Theorem 2.6. The minimum integer r such that the sequence (ν ℓ ) ℓ≥r is strictly increasing is r = 2c − g − 1.
Proof [6] that o(H) ≤ 2c − 1 (which follows from Proposition 2.2). The best result concerning Problem (II) was given by Bras-Amorós, [1] , for a certain family of semigroups, see Theorem 3.1 below. Since H is non-trivial, we can write We shall show that the bound o(H) ≤ min{ι(2d 1 + 1), ι(c + c 1 − 1)} is true for all (nontrivial) semigroups. Furthermore, equality holds for a more general family of semigroups, to which we refer as near-acute semigroups (see below). To that end, for ρ ∈ H let us consider the sets
where A[ρ] was defined as in (1.1).
Lemma 3.2. Let ρ ∈ H with ρ ≥ c. We have: In what follows, all the semigroups we consider will be nonordinary. In this case 2d 1 ≥ c and hence 2d 1 + 1 ∈ H.
] defined by ϕ(s, t) = (s, t + 1) if s ≤ t and ϕ(s, t) = (s + 1, t) if s > t. This map is well-defined and injective. If
Proposition 3.5. We have 
A second upper bound on o(H) is given by the next result. Remark that we have restricted our attention to non-ordinary semigroups and then c + c 1 − 1 > c. 
Since 2d 1 − c + 1 < d 1 , the above Remark gives the value of o(H) for all semigroups such that 2d
A particular class of semigroups verifying this condition is the family of acute semigroups introduced in [1] . Remember that H is
This fact justifies the following definition.
Clearly every acute semigroup is near-acute. The converse is not true, as the example H = {0, 6, 8, 9, 12, 13, 14, . . . } shows. This example can be generalized as follows.
Example 3.10. LetH be a non-hyperelliptic symmetric semigroup of genus γ. The following set:
is a numerical semigroup of genus g = 3γ − 1 where c = 4γ, d 1 = 4γ − 3, c 1 = 4γ − 4, and d 2 = 4γ − 6; thus H is near-acute which is not acute (for the example above,H = 3, 4 ). Determining the exact value of o(H) in cases (2) and (3) of the above Proposition requires a more detailed analysis, and depends on the elements of the semigroup smaller than c 2 .
Thus, it seems that we cannot give much more results by using this technique.
